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Abstract: One of creators of quantum mechanics P. Jordan in his work on quantum
biology claimed that life's missing laws were the rules of chance and probability of the
quantum world. Correspondingly the article is devoted to some phenomenological
symmetries in probabilities of components in long DNA sequences and to opportunities
of their modelling by means of formalisms of quantum informatics. Using binary-
oppositional traits of DNA nitrogenous bases, a notion “genetic qubit” is proposed and
used for such modelling. Presented results support thoughts of many authors about
quantum computing in biological organisms.
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1 INTRODUCTION

A great discovery of the twentieth century physics was the probabilistic nature of
physical phenomena at atomic scales, described by quantum mechanics. Informational
molecules of heredity DNA and RNA belong to the microworld of quantum mechanics
and they should obey the principles of quantum mechanics. Many authors have
supposed that living organisms use principles of quantum informatics (Abbott, Davies,
Pati, 2008; Altaisky, Filatov, 2001; Fimmel et al, 2019; Hu Z.B., Petoukhov, Petukhova,
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2017a,b, 2018; Igamberdiev, 1993, 2004, 2007, 2008; Igamberdiev, Shklovskiy-Kordi,
2016, 2017; Josephson, 2018; Matsuno, 1999, 2003; Matsuno, Paton, 2000; Mikheenko,
2018; Patel, 2001a,b,c; Penrose,1996, 2019; Petoukhov, 2016, 2018a,b, 2019a,b).
Genetic informatics is written in DNA molecules by means of sequences of four
nitrogenous bases, which are frequently called letters of the DNA alphabet of monoplets
(or of nucleotides): adenine A, cytosine C, guanine G and thymine T (RNA uses uracil
U instead of thymine). Concatenations of these 4 letters form the alphabet of 16
doublets (AA, AC,...), the alphabet of 64 triplets (AAA, ACG,...), etc, which
participate in the genetic coding systems. One of the creators of quantum mechanics P.
Jordan in his work on quantum biology claimed that life's missing laws were the rules of
chance and probability of the quantum world (Jordan, 1932; McFadden, Al-Khalili,
2018). From the standpoint of Jordan’s statement, the study of probabilities or
frequencies of nucleotide n-plets (monoplets, doublets, triplets, etc.) in long DNA
sequences is important for discovering hidden biological laws and for developing
quantum genetics. Recent articles (Darvas, 2018; Fimmel et al., 2019; Petoukhov,
2018b; Petoukhov, Petukhova, Svirin, 2019) were devoted to evidences in favour of
existence of rules of new symmetries in probabilities of nucleotide n-plets (n = 1, 2, 3,
4, ...) of long DNA sequences in eukaryotic and prokaryotic genomes.

This article shows additional opportunities to introduce formalisms of quantum
informatics on the basis of symmetric peculiarities of DNA alphabets for modeling
some genetic phenomena including the mentioned rules of symmetries of probabilities
of nucleotide n-plets in genomes.

2 BINARY OPPOSITIONS IN THE DNA ALPHABET

Science does not know why the nucleotide alphabet of DNA has been created by nature
from just four letters (A, T, C, G), and why just these very simple molecules were
chosen for the DNA-alphabet (out of millions of possible molecules). But science
knows (Fimmel, Danielli, Striingmann, 2013; Petoukhov, 2008; Petoukhov, He, 2009;
Stambuk, 1999) that these four molecules are interrelated by means of their symmetrical
peculiarities into the united molecular ensemble with its three pairs of binary-
oppositional traits or indicators (Fig. 1):

(1) Two letters are purines (A and G), and the other two are pyrimidines (C and T).
From the standpoint of these binary-oppositional traits one can denote C =T = 0,
A = G = 1. From the standpoint of these traits, any of the DNA-sequences are
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represented by a corresponding binary sequence. For example, GCATGAAGT is
represented by 101011110;

(2) Two letters are amino-molecules (A and C) and the other two are keto-molecules
(G and T). From the standpoint of these traits one can designate A=C=0,G=T
= 1. Correspondingly, the same sequence, GCATGAAGT, as above, is represented
by another binary sequence, 100110011;

(3) The pairs of complementary letters, A-T and C-G, are linked by 2 and 3 hydrogen
bonds, respectively. From the standpoint of these binary traits, one can designate C
=G =0, A=T=1. Correspondingly, the same sequence, GCATGAAGT, is read

as 001101101.

Ne | Binary Symbols C|A |G |TU

1 0: — pyrimidines O: | i [ 11| On
11 — purines

2 02 — amino 02| 02| 12 12
12 — keto

3 03 — three hydrogenbonds | 0s | 13 | 0s | 13
13 — two hydrogen bonds

Figure 1: Left: the four nitrogenous bases of DNA: adenine A, guanine G, cytosine C, and thymine T. Right:
three binary sub-alphabets of the genetic alphabet on the basis of three pairs of binary-oppositional traits or
indicators.

Accordingly, each of DNA-sequences of nucleotides is the carrier of three parallel
messages on three different binary languages. At the same time, these three types of
binary representations form a common logic set on the basis of logic operation of
modulo-2 addition denoted by the symbol @: modulo-2 addition of any two such binary
representations of the DNA-sequence coincides with the third binary representation of
the same DNA-sequence: for example, 101011110 © 100110011 =001101101. One can
here remind the rules of the bitwise modulo-2 addition: 0 @ 0=0;0® 1=1;1®0=1;
1 @ 1 = 0. (The logic operation of modulo-2 addition is actively used in quantum
informatics (Nielsen, Chuang, 2010)).

Taking into account the phenomenological fact that each of the DNA-letters C, A, T and
G is uniquely defined by any two kinds of mentioned binary-oppositional indicators
(Fig. 1), these genetic letters can be represented as corresponding pairs of binary
symbols, for example, from the standpoint of two first binary-oppositional indicators. It
is convenient for us for further description to show at the first position of each of the
letters its binary symbol from the second pair of binary-oppositional indicators (the
indicator “amino or keto”: C=A=0, T=G=1) and at the second positions of each of the
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letters its binary symbol from the first pair of binary-oppositional indicators (the
indicator "pyrimidine or purine": C=T=0, A=G=1). In this case the letter C is
represented by the binary symbol 0,0, (that is as 2-bit binary number), A — by the
symbol 0:1;, T — by the symbol 1,0;, G — by the symbol 1,1,. Using these
representations of separate letters, each of 16 doublets is represented as a concatenation
of the binary symbols of its letters (that is as 4-bit binary number): for example, the
doublet CC is represented as 4-bit binary number 0,0,0,0,, the doublet CA — as 4-bit
binary number 0,0;0.1;, etc. By analogy, each of the 64 triplets is represented as
concatenation of the binary symbols of its letters (that is as 6-bit binary number): for
example, the triplet CCC is represented as 6-bit binary number 0,0,0,0,0,0;, the triplet
CCA - as 6-bit binary number 0,0,0,0,0,1;, etc. In general, each n-plet is represented as
a concatenation of the binary symbols of its letters (below we will not show these
indexes 2 and 1 of separate letters in binary representations of n-plets but will remember
that each of positions corresponds to its own kind of indicators from the first or from the
second set of indicators in Fig. 1).

It is convenient to represent DNA-alphabets of 4 nucleotides, 16 doublets, 64 triplets, ...
4" p-plets in a form of appropriate square tables (Fig. 2), whose rows and columns are
numerated by binary symbols in line with the following principle. Entries of each
column are numerated by binary symbols in line with the first set of binary-oppositional
indicators in Fig. 1 (for example, the triplet CAG and all other triplets in the same
column are the combination “pyrimidine-purine-purine” and so this column is
correspondingly numerated 011). By contrast, entries of each row are numerated by
binary numbers in line with the second set of indicators (for example, the same triplet
CAG and all other triplets in the same row are the combination “amino-amino-keto” and
so this row is correspondingly numerated 001). In such tables (Fig. 1), each of 4 letters,
16 doublets, 64 triplets, ... takes automatically its own individual place and all
components of the alphabets are arranged in a strict order.

00 |01 (10 |11

011 00Jcc|calac|aa
0 A 01 JCcT | CG | AT | AG
1 G 10| TC | TA | GC | GA

11|11 | TG | GT | GG
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000 | 001 010 | 011 100 101 110 111

000 § CCC | CCA | CAC | CAA J ACC | ACA | AAC | AAA
001 § CCT | CCG | CAT | CAG J ACT | ACG | AAT | AAG
010 § CTC | CTA | CGC | CGA | ATC | ATA | AGC | AGA
011 § CTT | CTG | CGT | CGG ] ATT | ATG | AGT | AGG
100 § TCC | TCA | TAC | TAA | GCC | GCA | GAC | GAA
101 § TCT | TCG | TAT | TAG | GCT | GCG | GAT | GAG
110 § TTC | TTA | TGC | TGA | GTC | GTA | GGC | GGA
111 § TTT | TTG | TGT | TGG | GTT | GTG | GGT | GGG

Figure 2: The square tables of DNA-alphabets of 4 nucleotides, 16 doublets and 64 triplets with a strict
arrangement of all components. Each of the tables is constructed in line with the principle of binary
numeration of its column and rows (see explanations in text).

Here one can remind a historical fact that the same principle of constructing square
tables with quite similar binary numerations of their columns and rows was used else in
the Ancient Chinese book «I-Ching», which was written a few thousand years ago and
which is the most ancient historical example of systematic usage of binary numbers.
The famous table of 64 hexagrams in Fu-Xi’s order exists there, which has many deep
analogies with the genetic matrix of 64 triplets (Hu, Petoukhov, Petukhova, 2017b;
Petoukhov, 1999, 2008, 2017; Petoukhov, He, 2009). The ancient Chinese claimed that
this table is the universal archetype of nature. They knew nothing about the genetic
code, but the genetic code is constructed in line with the “I-Ching”.

One should emphasize that these 3 separate genetic tables (Fig. 2) form the joint tensor
(1) family of matrices since they are interrelated by the known operation of the tensor
(or Kronecker) product of matrices. By definition, under tensor multiplication of two
matrices, each entry of the first matrix multiplies the whole second matrix (Bellman,
1960). The second tensor power of the (2*2)-matrix [C, A; T, G] of 4 DNA-letters gives
automatically the matrix of 16 doublets; the third tensor power of the matrix of the same
matrix of 4 DNA-letters gives the matrix of 64 triplets with the same strict arrangement
of entries (Fig. 3).
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clA c|A| Jcc|calac|aa
T2l [cal |c*[T[G|l.A*|T|G| [CT|[CG|AT|AG
Tlcle|r]c]= clA c|A|=|Tc|TA|GC|GA

T*|T|G|,G*[T|G| |TT|TG|GT|GG

CCC CCA CAC CAA ACC ACA AAC | AAA
CCT | CCG CAT CAG ACT ACG | AAT | AAG
clA ClA CTC CTA CGC | CGA ATC ATA | AGC | AGA
CTT CTG CGT | CGG ATT ATG | AGT | AGG

x]
h=3

TCC _‘I.'CA TAC TAA GCC GCA | GAC | GAA
TCT | TCG TAT TAG GCT GCG | GAT | GAG
TTC TTA TGC TGA GTC GTA | GGC | GGA
TTT TTG TGT TGG GTT GTIG | GGT | GGG

Figure 3: The tensor family of genetic matrices [C, A; T, G]™ (here tensor power n = 1, 2, 3) of DNA-
alphabets of 4 nucleotides, 16 doublets and 64 triplets. The symbol ® means the tensor product.

One can see from a comparison of Fig. 3 with Fig. 2 that the tensor powers of the
genetic matrix of 4 letters [C, A; T, G] produce - in a new way - the same square tables
of the DNA-alphabets with the same strict arrangements of alphabetic components
without any mention about binary-oppositional traits of genetic letters C, A, T and G,
which were used to construct the square tables in Fig. 2.

So, the structural organization of the system of DNA-alphabets is connected with the
algebraic operation of the tensor product. It is important since the operation of the
tensor product is well known in mathematics, physics and informatics, where it gives a
way of putting vector spaces together to form larger vector spaces. The following
quotation speaks about the meaning of the tensor product: “This construction is crucial
to understanding the quantum mechanics of multiparticle systems” [Nielsen, Chuang,
2010, p. 71]. For us the most interesting is that the tensor product is one of basis
instruments in quantum informatics.

3 THE DNA ALPHABET AND GENETIC QUBITS

This Section describes a possibility of using features of DNA alphabets in the
construction of 2n-qubit systems in so called separable pure states for model tasks of
mathematical genetics. Typical notions, denotations and formalisms of quantum
informatics from the fundamental book (Nielsen, Chuang, 2010) are used. In particular
we use the notion of quantum bits (or qubits) for model representations of elements of
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single stranded DNA. We also use ordinary Dirac notations for vectors and operations
with them:

> means a vector, which is known also as a ket-vector;
<w| means a vector, which is dual to |y> and known as a bra-vector;
<p|y> means scalar (or inner) product between the vectors <g| and |y>;

lp> ® |y> means the tensor product of lp> and  |yp>;
|p>|y> is abbreviated notation for tensor product of lp> and |y>;
MT is the transpose of the M matrix;

<p|M|y>: scalar product between |p> and M|y>.

In quantum informatics, such vector spaces H are considered, which are equipped with
the scalar (or inner) product (so called Hilbert spaces). Let H; and H, be quantum
mechanical state spaces, that is, finite dimensional Hilbert spaces with orthonormal
basis states o> and |f>, where i =1, ..., nandj =1, ..., m. By a postulate of quantum
mechanics, the state space of the composite system is given by the tensor product
H®H; with basis states {ja> ® |f>}, or in more compact notation {|a;5>}. “The state
space of a composite physical systems is the tensor product of the state spaces of the
component physical systems. Moreover, if we have systems numbered 1 through n and
system number i is prepared in the state pi, then the joint state of the total system is
pP1®P2®...pn” [Nielsen, Chuang, 2010, p. 102] (here p is density operator). If a
quantum state can be represented as a vector of a Hilbert space, such state is called a
pure quantum state. If a pure state |y> < Hi®H, can be written in the form
ly> = |w1> ®|w>>, where |p> is a pure state of the i-th subsystem, it is said to be
separable. Otherwise it is called entangled.

As known, a quantum bit (or qubit) is a unit of quantum information. For two-level
quantum systems used as qubits, the state |0> is identified with the vector (1, 0), and
similarly the state |1> with the vector (0, 1). Two possible states for a qubit are the
states |0> and |1>, which correspond to the states of 0 and 1 for a classical bit. The
difference between bits and qubits is that a qubit can be in a state other than |0> or |1>.
It is possible to form linear combinations of states, often called superpositions (1):

ly> = af0>+ A1>, (1

The symbol |p> means a state of a qubit. The numbers o and f can be complex numbers
but in our case it is enough to think of them as real numbers. Put another way, the state
of a qubit is a vector in a two-dimensional vector space. The standard notation for states
in quantum mechanics is the Dirac notation “| >”. The special states |0> and |1> are
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known as computational basis states, and form an orthonormal basis for this vector
space [Nielsen, Chuang, 2010, p. 13]. As known, we cannot examine a qubit to
determine its quantum state, that is, the values of o and f. Instead, quantum mechanics
tells us that we can only acquire much more restricted information about the quantum
state. When we measure a qubit we get either the result 0, with probability |af?, or the
result 1, with probability |3]*. Naturally, |a|* + |8 = 1, since the probabilities must sum
to one. Geometrically, we can interpret this as the condition that the qubit’s state be
normalized to length 1. Values a and S are called amplitudes of probabilities. Thus, in
general a qubit’s state is a unit vector in a two-dimensional complex vector space. Let
us emphasize again that when a qubit is measured, it only ever gives “0” or “1” as the
measurement result — probabilistically.

In the more general case, a system of “n” qubits is considered in quantum informatics.
The computational basis states of this system are written in the form |xix;....x,>; a
quantum state of such a system is specified by 2" amplitudes [Nielsen, Chuang, 2010, p.
17]. In our model approach we interpret DNA-texts as quantum systems of many qubits.

In technical devices of quantum informatics, a qubit can be represented by many ways
on the basis of different pairs of binary-oppositional indicators: for example, by two
electronic levels of an atom; by two kinds of polarization of a single photon (vertical
polarization and horizontal polarization), etc.

In our model approach for genetic informatics, we represent qubits on the basis of
different pairs of binary-oppositional indicators of adenine A, guanine G, cytosine C,
and thymine T, which were shown above in Fig. 1. As we noted, each of these DNA
bases can be uniquely defined by any two kinds of mentioned binary-oppositional
indicators (Fig. 1). By analogy with the previous Section, to characterize each of the
DNA-letters C, A, T, G we will use the first kind of indicators (“pyrimidine or purine”)
and the second kind of indicators (“three hydrogen bonds or two hydrogen bonds”). On
the basis of each of these pairs of binary-oppositional indicators, a corresponding two-
level quantum system can be formally introduced with a definition of its appropriate
qubit (those qubits, which are introduced in genetic informatics on the basis of binary-
oppositional indicators of genetic molecules, can be conditionally called “genetic
qubits” or briefly “g-qubits”).

Let us introduce, firstly, the notion of a genetic qubit as a two-level quantum system on
the basis of the indicators “pyrimidine or purine”: in this quantum system one level
corresponds to the indicator “pyrimidine” and the second level — to the oppositional
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indicator “purine”. In other words, such genetic qubit is represented by these
oppositional indicators and the state of such qubit is a vector in its appropriate two-
dimensional Hilbert space H;. One can assume that the state |0> corresponds to the state
“pyrimidine”, and the state |1> - to the state “purine”. By analogy with the expression
(6), a state of such genetic qubit can be expressed by the expression (2), where o and a;
are amplitudes of probabilities of these computational basis states “pyrimidine” and
“purine’:

|y/1>=ao|0>+a1|1>, a02+a12= 1 (2)

In a particular case, a qubit (2) can represent a pure state of a quantum system in a form
of a sequence, which consists of pyrimidines and purines.

Secondly, let us introduce the notion of another genetic qubit as a two-level quantum
system on the basis of the indicators “three hydrogen bonds or two hydrogen bonds”: in
this quantum system one level corresponds to the indicator “three hydrogen bonds” and
the second level — to the indicator “two hydrogen bonds”. In other words, such genetic
qubit is represented by these two indicators and the state of such qubit is a vector in its
appropriate 2-dimensional Hilbert space H,. One can assume that the state |0>
corresponds to the state “three hydrogen bonds”, and the state |1> - to the state “two
hydrogen bonds”. By analogy with the expression (1), a state of such genetic qubit can
be expressed by the expression (3), where Sy and £ are amplitudes of probabilities of
these computational basis states:

lyo>=Bol0>+Bi[1>, fo*+ Bi* = 3)

In a particular case, the qubit (3) can represent a pure state of a quantum system in a
form of a sequence, which consists of elements with three and two hydrogen bonds.

So we have two different 2-dimensional Hilbert spaces H; and Hj, to which pure states
of genetic qubits (2) and (3) belong correspondingly. In our genetic case, the tensor
product of the two-dimensional Hilbert space H;®H, gives one four-dimensional
Hilbert space with the following separable pure state of a quantum 2-qubit system:

lw12> = [y1> ® |p2> = (a0 |0> + a1 [1>) @ (B0 0>+ 1 |1>) =

00f0100> + agf1 01>+ o180 |10> + auff1 |1 1> 4
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Such 2-qubit system has four computational basis states denoted |00>, [01>, [10>, [11>.
The amplitudes aofo, aofi, aifo and a;f1 of probabilities satisfy the normalization
condition: (aoBo)?> + (aef1)? + (a10)> + (a1f1)*> = 1. One can note that two kinds of
indicators “pyrimidine-purine” and “three hydrogen bonds or two hydrogen bonds™ for
separate nitrogenous bases C, T, G, A define the following correspondence:

- Cytosine C corresponds to the computational basis state |00> of the 2-qubit system (4)
since cytosine C is characterized by the indicator “pyrimidine”, which is the
computational basis state |0> in the first qubit (7), and also by the indicator “three
hydrogen bonds”, which is the computational basis state |0> in the second qubit (3). In
the four-dimensional Hilbert space H;®Ho, these computational basis states |0> and |0>
of two genetic qubits (2) and (3) define the computational basis state |00> of the 2-qubit
system (4);

- Thymine T corresponds to the computational basis state |[01> of the 2-qubit system (4)
since thymine T is characterized by the indicator “pyrimidine”, which is the
computational basis state |0> in the first qubit (5), and also by the indicator “two
hydrogen bonds”, which is the computational basis state |1> in the second qubit (3). In
the four-dimensional Hilbert space Hi®H,, these computational basis states |0> and |1>
of two genetic qubits (5) and (3) define the computational basis state |01> of the 2-qubit
system (4);

- Guanine G corresponds to the computational basis state |10> of the 2-qubit system (4)
since guanine G is characterized by the indicator “purine”, which is the computational
basis state |1> in the first qubit (2), and also by the indicator “three hydrogen bonds”,
which is the computational basis state |0> in the second qubit (3). In the four-
dimensional Hilbert space Hi®H,, these computational basis states |1> and |0> of two
genetic qubits (2) and (3) define the computational basis state |10> of the 2-qubit system

(4).

- Adenine A corresponds to the computational basis state |11> of the 2-qubit system (4)
since adenine A is characterized by the indicator “purine”, which is the computational
basis state |1> in the first qubit (2), and also by the indicator “two hydrogen bonds”,
which is the computational basis state |1> in the second qubit (3). In the four-
dimensional Hilbert space Hi®H,, these computational basis states |1> and |1> of two
genetic qubits (2) and (3) define the computational basis state |11> of the 2-qubit system

(4).
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By this way, members of the tetra-group of nucleotides C, T, G and A get their
representations as computational basis states of a 2-qubit system (9) in a four-
dimensional Hilbert space Hi®H, with conditional denotations |[C>=|00>, |T>=|01>,
|G>=|10> and |A>=|11> (these computational basis states can be connected with pairs of
photons of different frequencies, radiated by molecular elements of these dual indicators
(Petoukhov, 2018b)). Therefore the expression (4) can be rewritten in the following
conditional form (5):

|w12> = 0f0 100> + agf1 |01> + a1 5o [10> + oy f1 | 11> =
= aofo |C> + aofr |T> + oufo |G> + au 1 |A> (5)

We call the 2-qubit quantum system with its separable pure state (5) as a “monoplet
CTGA-system”. In a particular case, the state (5) of a 2-qubits monoplet CTGA-system
can represent a separable pure state of a quantum system, which is a sequence of
elements, where each element is pyrimidine or purine and, simultaneously, it has three
or two hydrogen bonds by analogy with nucleotides. From (5) the probabilities P(C),
P(T), P(G) and P(A) of computational basis states of separate nucleotides C, T, G and A
are equal to the following:

P(C) = (afo)*, P(T) = (aofr)?, P(G) = (a1fp0)*, P(A) = (a1 1)’ (6)

They should satisfy the normalization condition (7):
(a0Bo)’ + (aopr)’ + (anfo)’ + (anpr)* =1 (7

4 USING GENETIC QUBITS IN MODELING
SOME SYMMETRIES IN LONG DNA SEQUENCES

This Section shows an example of using the introduced notion of genetic qubits to
model some phenomenological symmetries in long DNA sequences.

DNA-texts of different organisms are represented in GenBank that contains hundreds of
millions of sequences for more than one hundred thousand organisms. Modern
technologies allow determining sequences of letters in DNA molecules of different
organisms but there arises a problem: “What will we have when these genomic
sequences are determined? ... We are in the position of Johann Kepler when he first
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began looking for patterns in the volumes of data that Tycho Brahe had spent his life
accumulating ” (Fickett & Burks, 1989).

Until recently, science acknowledged the second parity rule of E. Chargaff that stated
approximate equality of probabilities for DNA-letters A and T, as well as also C and G
in long nucleotide sequences of single stranded DNA. This is known in the literature as
a symmetry principle and is connected with “a grammar of biology” [a term from
(Chargaff, 1971)]. Many works of different authors are devoted to this second
Chargaff's rule [see references in (Petoukhov, 2018b)]. Chargaff and his followers
concentrated their attention on the comparison of individual probabilities of separate n-
plets in DNA.

By contrast to this, the work (Petoukhov, 2018b) studied not individual probabilities of
separate n-plets but collective (or total) probabilities of alphabetical clusters (or unions)
of n-plets (that is doublets, triplets, etc.) in long DNA-texts. Just in this way, an
unknown class of hidden symmetries and their rules for long DNA-texts was discovered
and formulated. It sounds in short: a complete alphabet of n-plets with fixed length “n”
contains 4" members. Such alphabet can be considered as a union of 4 equal sub-
alphabets, each of which contains 4! members with one of the 4 letters A, T, C, G at a
certain position (each of the n positions is connected with its own union of 4 sub-
alphabets). By definition, in a DNA-text, the collective probability P, (Xx) of all n-plets
in each of such 4 sub-alphabets is equal to the sum of individual probabilities of its n-
plets (here X means A, T, Cor G; n =1, 2, 3, 4, 5,.. is not too large; index k£ denotes
the position inside n-plets, k <n ).

Let us turn to the following rule formulated in (Petoukhov, 2018b) about a generalized
symmetry for collective probabilities of sub-alphabets of n-plets in long DNA-texts:

o Inlong sequences of n-plets of single stranded DNA, the collective probabilites
P,(Xx) of the sub-alphabets of n-plets, which have the letter X in their position
k, are approximately equal to the individual probability P(X) of the nucleotide
X, regardless of the values of # and k.

Now we show how the introduced notion of genetic qubits allows modelling this
phenomenological rule. We begin with the simplest case of long sequences of doublets
of single stranded DNA (cases of long DNA sequences of triplets, tetraplets, etc. are
modelled by analogy with this case).
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To consider the case of doublets CC, CT, CG, CA, TC, TT, TG, TA, GC, GT, GG, GA,
AC, AT, AG, AA one should accordingly expand the 4-dimensional Hilbert space
H;®H,, considered in the previous Section, to the 16-dimensional Hilbert space
H,®H,®H3:®H,4. Here the spaces Hi and H, are related with the first letters of doublets
and the spaces H; and Hy are related with the second letters of doublets. These spaces H3
and Hy are defined in a close analogy with the spaces H; and H». Let us explain this.

By analogy with the expressions (1, 2), each of four letters C, T, G, A at the second
position of doublets is interpreted firstly as a two-level quantum system on the basis of
the oppositional indicators “pyrimidine or purine”: in this quantum system one level
corresponds to the indicator “pyrimidine” and the second level — to the oppositional
indicator “purine”. In other words, a new genetic qubit arises on the basis of these
oppositional indicators for the second letters inside 16 doublets; the state of such qubit
is a vector in its appropriate two-dimensional Hilbert space Hs. One can assume that the
state |0> corresponds to the state «pyrimidine», and the state |1> - to the state “purine”.
By analogy with the expression (2), a state of such genetic qubit can be denoted by the
expression (8), where a» and o3 are amplitudes of probabilities of these computational
basis states “pyrimidine” and “purine” for the second letters in 16 doublets:

|l//3> =0 |0> + o3 |1>, o+ a’=1 8)

Secondly, for the second letters of 16 doublets, the notion of another genetic qubit - as a
two-level quantum system on the basis of the oppositional indicators “three hydrogen
bonds or two hydrogen bonds” - is defined by analogy with the expression (3). In this
quantum system, one level corresponds to the indicator “three hydrogen bonds” and the
second level — to the indicator “two hydrogen bonds”. In other words, such genetic qubit
is represented by these two indicators and the state of such qubit is a vector in its
appropriate 2-dimensional Hilbert space Hs. One can assume that the state |0>
corresponds to the state “hree hydrogen bonds”, and the state |1> - to the state “two
hydrogen bonds”. By analogy with the expression (3), a state of such genetic qubit can
be expressed by the expression (9), where £, and 3 are amplitudes of probabilities of
these computational basis states:

lys>=f2|0>+ B3 (1>, fo? + 3 = )

In such a way, in the case of long DNA-texts of doublets, we have two additional 2-
dimensional Hilbert spaces Hs and Hs, to which pure states of genetic qubits (8) and (9)
belong correspondingly. The tensor product of the two-dimensional Hilbert space
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H3;®H, gives one four-dimensional Hilbert space with the following separable pure state
of a quantum 2-qubit system for letters at the second position inside 16 doublets:

lysa> = 3> ® |pa> = (a2[0> + a3 [1>) @ (2|0> + B3[1>) =
azﬂz |00> + a2ﬁ3 ‘01> + 0!3,[))2 |10> + a3ﬂ3 ‘1 1>=
02|C> + o253 [T> + a3f2 | G> + aaff3 |A> (10)

Such new 2-qubit system has four computational basis states denoted [00>, [01>, [10>,
|L11>. By analogy with the case of the Hilbert space Hi®H, for the first letters of
doublets with conditional denotations |C>=|00>, |[T>=|01>, |G>=|10> and |A>=|11> (see
the expression (5)), in the Hilbert space H3®H. similar denotations are used for 2-qubit
systems of the second letters of doublets: |[C>=|00>, |T>=|01>, |G>=|10> and |A>=|11>.
The amplitudes axf>, axf3, a3f. and o3f3; of probabilities in (10) satisfy the
normalization condition (11):

(0f2)” + (0afs)* + (asfa)® + (aaffz)* = 1. (11)

In the 16-dimensional Hilbert space Hi®H,®H3;®H, for the case of 16 doublets, we
have in our model approach the following 16 computational basis states with their
appropriate amplitudes of probabilities in a long DNA-text:

lp12> ® |y3> = aofoorfa| CC> + afooafi3|CT> + apfoasfpa] CG> + anfoasfz| CA> +

oof10of2| TC> + agfioaf3| TT> + aofiasfa|TG> + agfiosfs| TA> +
010022|GC> + a1foozff3|GT> + a1 foosfo| GG> + a1 foasffz| GA> +
0110252l AC> + a1 1003 AT> + a1 fi1a3f2| AG> + o fiasfs| AA> (12)

In the state (12) of a 4-qubit “doublet CTGA-system”, 16 computational basis states are
represented by 16 doublets: |0000>=|CC>, |0001>=|CT>, |0010>=|CG>, |0011>=|CA>,
|0100>=|TC>, |0101>=|TT>, |0110>=TG>, [0111>=|TA>, |1000>=|GC>, [1001>=|GT>,
[1010>=|GG>, [1011>=|GA>, |1100>=|AC>, |1101>=|AT>, |1110>=|AG>,
[1111>=|AA>. In our model approach, these 16 computational basis states are
interpreted as representations of appropriate 16 genetic doublets.

From the expressions (12) and (6), we have the following collective probability P»(C:)
of all 4 doublets having the first letter C in them (they are collected in the first row of
this expression):
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P(C1) = (a0fotrafa)” + (afocafs)* + (aofoasfpa)* + (cwofoazps) =
(a0fo)* *{(aafp2)* + (auff3)* + (a3fa)* + (a33)*} = (afo)* = P(C) (13)

Here the sum in curly brackets is equal to 1 according to the normalization condition
(11). The expression (13) means that the collective probability P»(C) of 4 doublets CC,
CT, CG and CA is equal to the individual probability P(C) of the letter C in this
quantum-informational model of collective and individual probabilities inside long
DNA-texts From the expressions (12) and (6), similar calculations of collective
probabilities P»(T;), P»(G1) and P2(A,) of all doublets with the first letters T, G, A in
them give similar results (14) of their equality to individual probabilities of letters T, G
and A:

PyT))=P(T), PAG1)=PG), PxA1)=PA) (14)

These model results correspond to the phenomenological rule of symmetries formulated
in the beginning of this Section.

The expression (12) allows a calculation of the collective probability P»(C,) of all 4
doublets having the second letter C in them:

P(C2) = (aofoofa)” + (aofroofa)” + (aufoafn)” + (onfroaf)” =

(0af2)* *{(a0fo)* + (aof1)* + (1fo)* + (anfpr)*} = (aafpa)* = P(C) (15)

Here the sum in curly brackets is equal to 1 according to the normalization condition
(7). The expression (15) means that the collective probability P»(C,) of all doublets
having the second letter C (that is, CC, TC, GC, AC) is also equal to the individual
probability P(C) of the letter C. From the expression (12), similar calculations of
collective probabilities P»(T>), P2(G2) and P»(A,) of doublets with the second letters T,
G, A in them give similar results (16) of their equality to individual probabilities P(T),
P(G) and P(A) of letters T, G and A:

Py(Ty) =P(T), PiG2)=P(G), PrAr)=PA) (16)

By analogy, to consider the case of 64 triplets one should accordingly expand the 16-
dimensional Hilbert space H®H,®H3;®Hs to the 64-dimensional Hilbert space
H;®H,®H;®H,QHs&®Hs, etc.
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S SOME CONCLUDING REMARKS

Returning to the Jordan's thoughts on quantum biology, the difference between
biological and inanimate objects should be explained. Jordan correctly pointed out that
inanimate objects were governed by the average random motion of millions of particles,
such that the motion of a single molecule has no influence whatsoever on the whole
object. This insight is usually credited to Erwin Schrédinger, who later claimed that life
was different from inorganic chemistry because of its dependence on the dynamics of a
small number of molecules. Jordan similarly argued that the few molecules that control
the dynamics of living cells within the control center have a dictatorial influence, such
that quantum-level events that govern their motion, such as Heisenberg's uncertainty
principle, are amplified to influence the entire organism. Jordan believed that living
organisms were uniquely able to carry out this amplification in a way that was
conspicuously different from inanimate matter. In fact, Jordan had been thinking about
this question for over a decade and had been using the term “Quantumbiologie” since
the late 1930s. Jordan was convinced he could extend quantum indeterminism from the
subatomic world to macroscopic biology. He even made a connection with free will by
suggesting a link between quantum mechanics and psychology. Jordan's insistence that
living organisms have a unique ability to amplify the quantum into the macroscopic
world has a lot of resonance with modern views of quantum biology [McFadden, Al-
Khalili, 2018].

The model approach described in this article belongs to the field of quantum biology
and gives additional mathematical tools to develop quantum genetics using symmetrical
properties of the DNA alphabets. The results presented and the mentioned rule of
symmetries in long DNA sequences show additional evidences in favor of the idea of
quantum computing in biological organisms discussed in works of many authors.
Authors believe that phenomena of symmetry in molecular-genetic systems should be
studied more and more deeply as very useful for developing biological sciences.
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